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Abstract
As an extension to strain-gradient models of size-dependent plastic behaviour, this work
proposes a model for a stress-gradient theory. The model is distinguished from earlier
works on the topic by its being embedded in a thermodynamically consistent framework.
The development is carried out in the context of single-crystal plasticity, and draws on
thermodynamically consistent models for single-crystal conventional and strain-gradient
plasticity. The model is explored numerically using the example of torsion of a thin wire
comprising a face centred cubic crystal, and its behaviour compared with that based on a
recent disequilibrium density model of size-dependent plasticity.
1 Introduction
There is abundant experimental evidence of the size-dependent response to mechanical
loading of crystalline materials at the micro-scale. A non-exhaustive list includes the
works [11, 38, 39, 8, 6, 29, 28]. Size-dependence manifests typically as both strengthening,
that is, an increase in incipient yield stress, and hardening, that is, an increase in the
slope of the load-deformation relation in the plastic range, in both cases with respect
to decrease in sample size. These effects are attributed to the presence of geometrically
necessary dislocations (GNDs) in non-homogeneous deformations: these form obstacles
to further unhindered flow of dislocations that represent the key mechanism of plasticity.
Consequently, trapping of dislocations results in increased hardening [11].
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The continuum concept of dislocation densities originates in the early works [32, 2, 27, 25,
26] (see the work [36] for an account on continuum defect densities in differential geometry).
In local continuum plasticity, hardening due to statistically stored dislocations (SSDs) is
routinely modelled in terms of (local) internal variables, so that the consideration of SSDs
in continuum plasticity is unable to capture size-dependence. In formulations of continuum
plasticity, hardening due to GNDs, on the other hand, requires the consideration of the
continuum density of GNDs. This feature is often captured in continuum models by the
inclusion of a dependence on plastic strain gradient that introduces a length scale into the
formulation. A sample of such approaches includes the works [40, 35, 10, 31, 16, 15, 18,
9, 12, 13, 33, 34, 19, 30], among many others.
Strain-gradient theories fall typically into two models, which may appear singly or in
combined form: energetic theories, in which plastic strain gradients are captured through
inclusion of a recoverable energy term; and dissipative models, in which plastic strain
gradients are captured directly in a flow relation. Dissipative models give rise to size effects
in incipient yield and subsequent hardening rate, while energetic models, which introduce
a back-stress in the yield condition, lead to size effects only in the rate of hardening (see
for example [23, 4, 5]). In simple spring-dashpot models it has been shown [30] that the
behaviour of the energetic model may be captured in a simple analogue context by a spring
and slider in series, while for the dissipative model the analogous arrangement would be
that of a spring and slider in parallel.
Models of an alternative approach, which relates size-dependent responses to gradients in
stress, have been proposed and explored in recent years, an early approach being that due
to Hirth [21]. In the important contribution by Chakravarty and Curtin [3], a mechanis-
tically motivated model of stress-gradient plasticity is developed. The model is based on
the strengthening that arises when a stress gradient acts over configurations comprising
dislocation sources and obstacles. The resultant length scale has a clear physical inter-
pretation, that is, average obstacle spacing. The key features are incorporated into a
continuum model, and a range of numerical results using this model compared against
those obtained in experiments, with good to excellent agreement observed. In particu-
lar, both size-dependent strengthening and hardening are observed, and captured by the
model.
While the model presented in [3] has a firm physical basis, and leads to good agree-
ment with experimental results, it lacks a framework of thermodynamic consistency, as
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acknowledged by the authors. The objective of this work is to propose a model for a
stress-gradient theory, motivated by that in [3], and embedded in a thermodynamically
consistent framework. The development is carried out in the context of single-crystal plas-
ticity, and draws on a thermodynamically consistent model for single-crystal conventional
and strain-gradient plasticity [34].
The structure of the rest of this work is as follows. The framework for rate-independent
single-crystal elastoplasticity is presented in Section 2. In particular, the flow relation is
based on the notion of an associative flow law or, equivalently, a positively homogeneous
dissipation function. The extension to viscoplasticity is recorded, as the computational
work makes use of a viscoplastic approximation. The extension to stress-gradient plasticity
is presented in Section 3, starting with the adoption of a yield function that includes
stress gradients, and proceeding to extend the conventional model. The stress gradients
appearing in the yield function are treated as quantities conjugate to an internal variable,
and it is shown that these may be obtained through a weak or variational formulation
involving the stress. The weak formulation makes it possible to approximate only the
stress, and not its gradient, in finite element approximations of the problem. Section
4 presents the results using the new model, in the example of torsion of a thin wire.
Though the precise values of incipient yield stress are difficult to determine, there is clear
size-dependent strengthening behaviour, with mild hardening. The work concludes with
summarizing remarks and an indication of future work in Section 5.
2 The classical case
2.1 The rate-independent problem
In this section we give an overview of a thermodynamically consistent model for classical
single-crystal plasticity with isotropic hardening, as presented, for example, in [20]. The
corresponding formulation for stress-gradient plasticity will follow this framework closely.
Within a small-strain context the total and plastic strains are denoted respectively by ε
and p, and the latter is given by
p =
∑
A
γα[sα ⊗mα +mα ⊗ sα] , (1)
where γα is the slip on slip plane α, and sα and mα are respectively the slip direction and
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slip plane normal on this plane.
The free energy ψ is a function of the elastic strain e = ε − p and of a set of scalar
hardening variables ηα (α = 1, . . . , A), one for each of the slip systems. The separable
form
ψ = ψe(e) + ψh(~η) (2)
is assumed. Here, and henceforth, ~η denotes the array (η1, . . . , ηA). The elastic relation
is given by
σ = C[ε− p] = Ce = ∂ψ
e
∂e
(3)
where σ denotes the Cauchy stress. We assume isotropic elastic behaviour so that
σ = K[tr e]I + 2GeD, (4)
where tr e and eD denote respectively the trace and deviator of the elastic strain, and K
and G are respectively the bulk and shear moduli.
We use the reduced dissipation inequality
ψ˙ − σ : ε˙ ≤ 0 (5)
together with the elastic relation and the form (2) for ψ, to obtain
− σ : p˙+
∑
α
∂ψh
∂ηα
η˙α ≤ 0 . (6)
The first term on the left-hand side of this inequality is, from (1) and the symmetry of σ,
σ : p˙ = σ :
∑
α
γ˙αsα ⊗mα =
∑
α
γ˙ασ : [sα ⊗mα] =
∑
α
γ˙ατα , (7)
where
τα := σ : [sα ⊗mα] = σmα · sα (8)
is the resolved shear stress on the plane with normalmα. Furthermore, the thermodynamic
stress gα conjugate to the hardening variable ηα is defined by
gα := −∂ψ
h
∂ηα
, (9)
and we further stipulate that
gα ≤ 0 . (10)
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It follows that the reduced dissipation inequality (6) becomes∑
α
[ταγ˙α + gαη˙α] ≥ 0 . (11)
For example, for the case of a quadratic hardening term, that is,
ψh(~η) = 12k
∑
α
[ηα]2 , (12)
the thermodynamic conjugate stress is given by
gα = −kηα . (13)
Yield. We define on the αth slip system the yield condition
φ(τα, gα) = |τα| − [τ0 − gα] ≤ 0 . (14)
Here τ0 is an initial yield stress, assumed for convenience to be the same for all slip systems.
The elastic region E is now defined to be the intersection of elastic regions for all the slip
systems:
E =
⋂
α
Eα =
⋂
α
{(σ, ~g) : φ(τα, gα) < 0 , α = 1, . . . , A} . (15)
The elastic region defined by (15) is clearly convex. Next, the assumption of a normality
law gives
γ˙α = λα
∂φ
∂τα
, (16a)
η˙α = λα
∂φ
∂gα
= λα (16b)
together with the complementarity relations
λα ≥ 0 , φ(τα, gα) ≤ 0 , λαφ(τα, gα) = 0 . (17)
From (16a) and (16b) it follows that
η˙α = |γ˙α| = λα . (18)
The flow relation in terms of the dissipation function. The dual of the flow relation
(16) is given by
(τα, gα) ∈ ∂D(γ˙α, η˙α), (19)
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or, in full,
D(γ˜α, η˜α) ≥ D(γ˙α, η˙α) + τα[γ˜α − γ˙α] + gα[η˜α − η˙α] for all (γ˜α, η˜α) . (20)
The dissipation function D(γ˜α, η˜α) is given by (see [20] for a derivation)
D(γ˜α, η˜α) =
{
τ0|γ˜α| if |γ˜α| ≤ η˜α ,
+∞ if |γ˜α| > η˜α . (21)
The effective dissipation function. Restricting attention to the subset of arbitrary
slips and internal variables that satisfy
|γ˜α| = η˜α,
rearrangement of the inequality (20) and the use of (21)1 gives
τ0|γ˜α| − gαη˜α ≥ τ0|γ˙α| − gαη˙α + τα[γ˜α − γ˙α] (22)
or, given the constraints on the admissible generalized quantities,
[τ0 − gα] |γ˜α| ≥ [τ0 − gα] |γ˙α|+ τα[γ˜α − γ˙α] . (23)
Here we have used the fact that η˙α = |γ˙α|. We define the effective dissipation function
Deff(γ˜
α, gα) := [τ0 − gα] |γ˜α| . (24)
Then the flow law may be expressed in terms of a dissipation function which depends only
on the plastic slips, with the conjugate quantity gα being treated implicitly as a function
of ηα. That is, we can write, from (23) and (24),
τα ∈ ∂1Deff(γ˙α, gα) or Deff(γ˜α, g˜α) ≥ Deff(γ˙α, gα) + τα[γ˜α − γ˙α] . (25)
Here ∂1Deff denotes the subdifferential of Deff with respect to its first argument.
In particular, when plastic flow occurs on slip system α so that γ˙α 6= 0, then
τα =
∂Deff(γ˜
α, gα)
∂γ˜α
∣∣∣∣
γ˙α
= [τ0 − gα] sgn γ˙α . (26)
This relation could be obtained directly from the flow relation (16), as follows: we have
γ˙α = |γ˙α| ∂φ
∂τα
= |γ˙α| τ
α
|τα|
= |γ˙α| τ
α
τ0 − gα . (27)
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Rearrange to get
τα =
∂Deff(γ˜
α, gα)
∂γ˜α
∣∣∣∣
γ˜α=γ˙α
. (28)
The same applies if Deff is replaced by a smooth, for example viscoplastic approximation,
in which case the inequality becomes an equation.
2.2 Viscoplastic approximation
We make use of a Norton-Hoff approximation of the yield condition. Writing the yield
condition (14) as a gauge, that is, in the form
Φ(τα, gα) :=
|τα|
τ0 − gα ≤ 1 , (29)
the Norton-Hoff viscoplastic regularization of the flow law (see [14, 22, 24]) amounts to
replacing (29) by
Φp(τ
α, gα) =
1
p
[Φ(τα, gα)]p
=
1
p
[ |τα|
τ0 − gα
]p
(30)
where p > 1. Then the corresponding flow relation is
γ˙α =
∂Φp
∂τα
=
|τα|p−1
[τ0 − gα]p sgn τ
α . (31)
This relation may be inverted either directly, or by using the approximation of the dissi-
pation function corresponding to Φp. This is given by (see for example [7] for a detailed
treatment of such dual relations)
Deff,p′(γ˜
α) =
1
p′
[τ0 − gα]|γ˜α|p′ , (32)
where 1/p′ = 1− 1/p. Then the stress is given by
τα =
∂Deff,p′
∂γ˜α
∣∣∣∣
γ˙α
= [τ0 − gα]|γ˙α|p′−1sgn γ˙α . (33)
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2.3 The equilibrium equation and boundary conditions
To complete the formulation of the problem we add the weak form of the equilibrium
equation. The body occupies a domain Ω ⊂ Rd (d = 2, 3), with boundary ∂Ω. Assume
that the boundary conditions are
u = u¯ on ∂ΩD, t = σn = t¯ on ∂ΩN , (34)
where u denotes the displacement, t the surface traction, and u¯ and t¯ are respectively a
prescribed displacement and traction on complementary parts ∂ΩD and ∂ΩN of ∂Ω. Set
V := {v | vi ∈ H1(Ω), v = 0 on ∂ΩD}, where H1(Ω) is the Hilbert space of functions
which together with their first weak derivatives are square-integrable. Define the function
U¯ such that U¯ = u¯ on ∂ΩD. Then the equilibrium problem is as follows: find u such that
u− U¯ ∈ V and∫
Ω
σ(u, ~γ) : ε(v) dx =
∫
∂ΩN
t¯ · v ds+
∫
Ω
f · v dx for all v ∈ V . (35)
Here f is the prescribed body force on Ω and traction on ∂ΩN .
The solution of (35) and (31) or (33) (assuming a viscoplastic approximation) is typically
achieved via a predictor-corrector approach for the time-discrete problem. In the predictor
step the dissipation function is approximated by a smooth function and the resulting
minimization problem solved for u and intermediate values of γα and ηα. Then, in the
corrector step (31) is solved for γα, using u to update the stress.
3 Stress-gradient plasticity
In this section we extend the framework presented earlier, to a model of stress-gradient
plasticity. In [3] a stress gradient enhancement is proposed and its properties explored.
Attention is not however given to the thermodynamic consistency of that model: the au-
thors state: “It is important to note that such a formulation neglects the formal need for
higher-order work terms involving a strain-like variable that would be work-conjugate to
the stress gradient and for the accompanying higher-order boundary conditions. Develop-
ment of such a full theory is beyond the scope of the present paper.”
The objective of this work is to propose a model of stress-gradient plasticity that is me-
chanically relevant and thermodynamically consistent. Motivated by the model in [3], we
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propose an extension of the conventional yield function (14) of the form, for slip system
α,
φ = |τα| − [τ0 + `fα(∇~τ)] , (36)
where ` is a length scale, ∇~τ = {∇τβ | β = 1, . . . , A} and fα a function to be specified.
For the purpose of this study we select fα(∇~τ) = ∑β |∇τβ ·sα|, so that the yield function
is now
φ = |τα| −
[
τ0 + `
∑
β
|∇τβ · sα|
]
. (37)
One may compare the term for current yield, that is, τ0 + `
∑
β |∇τβ · sα|, with that in
[3], which is of the form
σ′Y =
σY
1− `|∇σe|f(ε
p
e)
σe
. (38)
Here σY and σ
′
Y are respectively the conventional initial yield stress and the stress-
gradient-dependent yield, σe is a scalar equivalent stress, and f is a hardening term that
depends on the equivalent plastic strain εpe. Setting aside the hardening term, to first
order the expression for σ′Y may be approximated as
σ′Y ' σY + `
σY
σe
|∇σe| . (39)
The similarity to the current yield term in (37) is evident.
Now define
gαβ := ∇τβ · sα (40)
and
gα = −
∑
β
|gαβ| . (41)
Then the yield function is
φ(τα, gα) = |τα| − [τ0 − `gα] . (42)
A more general form of hardening. We can build into the flow relation a distinction
between self-hardening, which characterizes hardening on a slip plane due to slip on all slip
systems coplanar to the given plane; and latent hardening, which refers to hardening on
a slip plane due to slip on all other individual slip planes. These are most easily captured
in hardening relations by making use of the coplanarity moduli χαβ [17], defined by
χαβ =
{
1 for α and β coplanar ;
0 otherwise .
(43)
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The slip systems α and β are said to be coplanar if their corresponding slip planes coincide.
Then the yield function can be extended to include self- and latent hardening by replacing
(41) with
gαχ = −
∑
β
|gαβ|[χαβ + q[1− χαβ]] , (44)
where q is an interaction coefficient.
The flow relation. Proceeding as in Section 2.1, the normality law again gives
γ˙α = λα
∂φ
∂τα
, (45a)
η˙α = λα
∂φ
∂gα
= λα` . (45b)
Next we define the free energy as before, that is,
ψ = ψe(e) + ψh(~η) , (46)
and conjugate stress
gα = − ∂ψ
∂ηα
. (47)
Unlike the classical case, however, we do not specify ψh(~η) explicitly, nor will we need to
do so. Equations (40), (41) and (47) give a relationship between ηα and the stress, that
is,
gα(~η) = −
∑
β
|∇τβ · sα| . (48)
The flow relation in terms of the dissipation. All of the details in Section 2.1
concerning the dissipation function carry over unchanged to the model of stress-gradient
plasticity considered here. In the classical case, for the flow relation in terms of Deff , that
is, (25), (26), or (33), one substitutes directly for gα in terms of the equivalent plastic
strain ηα. For the stress-gradient case we have the same flow relation, with gα defined by
(41).
A weak formulation for gαβ. We can obtain gα without the need to compute derivatives
of the stress as in (40), as follows. We start by constructing a weak form for gαβ using
(40). For this purpose introduce a test function w ∈ H1(Ω), multiply both sides of (40)
by w and integrate, then integrate by parts to obtain∫
Ω
gαβw dx =
∫
Ω
[∇τβ · sα]w dx
=
∫
∂Ω
[τβsα · n]w ds−
∫
Ω
τβsα · ∇w dx . (49)
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Boundary conditions have to be specified for the first term on the right-hand side of (49).
The traction boundary condition (34) has to hold as before, on ∂ΩN . Hence the Schmidt
stress corresponding to this traction boundary condition is specified, with corresponding
resolved shear stress τ¯β. We also have to specify a boundary condition for gαβ on the
complementary part ∂ΩD. For convenience we assume both g
αβ and τβ to be periodic.
Then the boundary conditions are
τβ = τ¯β on ∂ΩN , (50a)
gαβ, τβ periodic on ∂ΩD . (50b)
As a result, since the test function is assumed also to satisfy the periodicity condition on
∂ΩD, the surface integral over ∂ΩD is zero and (49) becomes∫
Ω
gαβw dx =
∫
∂ΩN
[
τ¯βsα · n
]
w ds−
∫
Ω
τβsα · ∇w dx , w ∈ H1(Ω), periodic on ∂ΩD .
(51)
We solve the resulting equation for gαβ, for given τα, then obtain gα from (41).
3.1 A solution algorithm
The complete formulation of the problem for stress-gradient plasticity comprises the equi-
lbrium equation (35), the flow relation (31) or (33), and (49): three equations for u, ~γ,~g,
with the resolved shear stress τα given by the elastic relation in terms of u and ~γ.
The discrete equation for gαβ. Consider a finite element formulation comprising a
mesh of linear (P1) triangles, and set
w = Nw, gαβ = Ngαβ, ∇w = Bw , (52)
where N is the vector of shape functions, B the vector of shape function derivatives, and
w and gαβ are vectors of nodal degrees of freedom. Substitute in (49) to get
Mgαβ = −
∫
Ω
BTsατβ dx , (53)
where M is the standard mass matrix. This may be solved for gαβ, and hence gα, for a
given stress.
Algorithm.
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1. For the incremental problem, assume that everything is known a time step tn.
2. Solve the equilibrium equation (35) for un+1 and evaluate the predictor stress using
ταpredn+1 = τ
α
n+1(un+1, g
α
n).
3. Find gαβn+1 from (53), and g
α
n+1 from (41).
4. Update the slip increments by using (31).
4 An example: torsion of a thin wire
We consider the problem studied in [37], of a single crystal cylindrical specimen with face
centred cubic unit cells subjected to simple torsion. The cylinder is assumed to be long,
so that it suffices to assume periodic behaviour over a length L, and to consider a section
of length L. The cylinder has radius R = 10µm. The boundary conditions relative to
a cylindrical coordinate system, with the cylinder axis coinciding with the z axis, are as
follows:
uθ(r, θ, 0) = uz(r, θ, 0) = uz(r, θ, L) = 0 , uθ(r, θ, L) = κL , (54a)
tr(r, θ, 0) = tr(r, θ, L) = 0 , t(R, θ, z) = 0 . (54b)
Here κ is the constant twist per unit length. The total load of κ = 5mm−1 is applied
in 30 equidistant time steps with a rate of 40mm−1s−1. The orientation of the unit cells
relative to the wire is depicted in Figure 1. For an easier interpretation of the results
the slip systems are numbered. Since the solution to the problem is independent of z, it
suffices to consider the two-dimensional problem with any cross-section as the domain. It
will be convenient here, though, to carry out an implementation in three dimensions, with
the domain a section of the cylinder a ≤ z ≤ b, say, and with periodic boundary conditions
imposed on the surfaces z = a and z = b. A mesh containing 1280 tri-linear elements for
the displacements is depicted in Figure 2.
As discussed earlier, for equation (49) we prescribe τα corresponding to the zero traction
boundary condition (54b) on ΩN , which corresponds to the surface r = R. On the faces
z = a and z = b we set w and gαβ to be periodic.
The material parameters for the micro wire torsion problem are taken from [37], except
for the reference slip rate which is omitted in the current formulation since it only scales
12
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Figure 1: Wire cross section shown in yellow with the face centred unit cell and one of
the four slip planes shaded in green in each subfigure. The three edges of the slip planes
represent the crystal slip directions and thus the slip directions sα.
Figure 2: Section of the wire showing a mesh comprising 1280 tri-linear hexahedral ele-
ments
K 217 GPa G 100 GPa τ0 200 MPa p
′ (see (33)) 21
Table 1: Parameters of the model.
the critical Schmid stress τ0. The relevant parameters are given in Table 1, while the
length scale ` and the self/latent ratio q in (44) are varied and given in the result plots.
No hardening is considered.
The torque-twist curves for different values of the stress-gradient length scale ` and the
interaction coefficient q are shown in Figure 3, and in magnified form in Figure 4. The
results obtained using the disequilibrium density formulation introduced in [37] are also
shown.
Table 2 gives the limiting torque, defined as Tl = T (κ = 5mm
−1) and q = 1.0. The
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Figure 3: Torque vs. twist for different values of ` and q compared with results from the
disequilibrium density model introduced in [37].
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Figure 4: Torque vs. twist for different values of ` and q as in Figure 3, magnified
strengthening, that is, the increase in limiting torque with length scale, is clearly seen.
Since no other hardening is considered the limiting torque Tl correlates with the torque at
the initialization of plastic deformation Ty, and from Table 2 the relationship between lim-
iting torque and length scale is approximately linear. The same holds for the relationship
with the self/latent ratio q. Hardening behaviour, that is, an increase in torque with in-
crease in twist, is mild. This suggests that the stress gradients are close to being constant,
resulting in minimal increase in the current yield torque. In contrast, the disequilibrium
densities lead to further hardening, since gradients of plastic quantities are considered in
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` q Limiting Torque Tl(l, q)/Tl(0, 0) -1 (%)
Tl(nN m)
0 0 84.51 -
0.025 0 87.23 3.22
0.050 0 89.97 6.46
0.025 1 87.82 3.91
0.050 1 91.19 7.9
0.025 1.4 88.06 4.2
0.050 1.4 91.70 8.51
Table 2: Limiting torque Tl = T at κ = 5mm
−1, relative to the torque at the initialization
of yielding, for different values of the length scale ` and self/latent ratio q
the critical Schmid stress.
Another ansatz for the inclusion of gradients of plastic quantities within a crystal plasticity
model would be the incorporation of dislocation densities as in [1, 37], for example. From
a macroscopic point of view this leads to size dependent hardening, similar to that for the
disequilibrium densities model in Figure 3 and 4. A detailed comparison is given in [37].
By way of comparison the results for the polycrystalline case investigated in [23] using a
strain gradient theory show similar size-dependent strengthening to that presented here,
albeit accompanied by slight hardening, arising from the inclusion in that model of a
hardening term that depends on a measure of plastic strain and its gradient.
Figures 5 and 6 show the spatial distribution of von Mises stress and equivalent plastic
strain in the wire cross section for different values of q and `. It can be seen that for the
conventional theory (` = 0) the stresses, and as a result the plastic strains, are concentrated
along diagonals of the wire. These diagonals coincide with the edges of the crystal unit
cell. The stress and plastic strain distributions become more diffuse as the values of ` and
q increase in combination.
In Figures 7 and 8 the spatial distribution of gα is shown for different values of ` and q.
The distribution is very similar across all slip systems, but the absolute value increases
with an increase in the combination of ` and q.
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100 200 300 400 500 600
` = 0.0 ` = 0.05; q = 0.0 ` = 0.05; q = 1.4
Figure 5: Distribution of von Mises stress (MPa) across wire section at twist of 5mm−1
0 0.005 0.01 0.015 0.02
` = 0.0 ` = 0.05; q = 0.0 ` = 0.05; q = 1.4
Figure 6: Distribution of equivalent plastic strain at twist of 5mm−1
5 Concluding remarks
This work has been concerned with the formulation of a thermodynamically consistent
theory of single-crystal stress-gradient plasticity, and exploration of its behaviour by ap-
plication to the problem of simple torsion. A viscoplastic approximation of the model has
been implemented, using finite elements. Results of dimensionless torque against twist
show a clear size-dependent strengthening, in the form of an increase in incipient yield
and subsequent ‘lifting’ of the torque-twist curves. Minimal hardening is evident.
There are a number of further exploratory studies that would be add to an understanding
16
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α = 1 α = 2 α = 3 α = 4
α = 5 α = 6 α = 7 α = 8
α = 9 α = 10 α = 11 α = 12
Figure 7: gα in MPa at twist of 5mm−1 with q = 0 and ` = 0.05.
the model presented here. One such class of problems would be in the domain of polycrys-
talline plasticity. For these and other examples, the nature of the size-dependent response
- strengthening and/or hardening would be of interest.
A further area of interest would be in relation to alternative forms of the model of stress-
gradient plasticity: for example, models even closer to that in [3], in the sense of (38). An
associated challenge would be to do so in a thermodynamically consistent way.
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Figure 8: gα in MPa at twist of 5mm−1 for q = 1.4 and ` = 0.05.
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